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GEODESICS ASSOCIATED TO THE BALANCED METRIC ON THE
SIEGEL-JACOBI BALL
STEFAN BERCEANU
Abstract. We determine the Christoffel’s symbols for the Siegel-Jacobi ball endowed
with the balanced metric. We study the equations of geodesics on the Siegel-Jacobi
ball. We calculate the covariant derivative of one-forms in the variables in which is
expressed the balanced metric on the Siegel-Jacobi ball.
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1. Introduction
The Jacobi group of index n, GJn, defined as the semidirect product of the symplectic
group with Heisenberg group of appropriate dimension, is an interesting object in several
branches of Mathematics and Physics, see references in [7, 9, 10, 11, 16]. GJn acts
transitively on the homogeneous manifold associated with it, the Siegel-Jacobi ball DJn,
a partially bounded domain, whose points are in Cn×Dn, where Dn denotes the Siegel
ball. In fact, there is a real and a complex version of the Jacobi group, with factor group
Sp(n,R), respectively Sp(n,R)C, while the associated manifold in the real case is the
Siegel-Jacobi upper half plane XJn, whose points are in C
n ×Xn, where Xn is the Siegel
upper half plane. The case of the Jacobi group of index n = 1 was considered in [26, 21].
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There are generalizations of the Jacobi group and their associated homogeneous spaces,
where instead Cn are considered spaces Cmn, m,n ∈ N. There is an isomorphism
between the complex and real version of the Jacobi group and the homogenous spaces
associated to them [40, 12]. The present paper is mainly devoted to the complex version
of the Jacobi group.
In [9, 12] we have determined the GJn-invariant metric on D
J
n and we have shown that
it corresponds to the metric determined in the papers of J.-H. Yang [40], generalizing
the results of E. Ka¨hler [30] and R. Berndt [26] in the case n = 1. We mention that the
starting point of our approach in [9, 12] was the construction of coherent states (CS)
[35] attached to the Jacobi group GJn, with support in D
J
n. The case n = 1 was studied
in [7]. What we have find starting from the construction of CS attached to GJn was
the Ka¨hler potential on DJn. In [16] we have underlined that the metric determined in
[9, 12] is the balanced metric [28, 1] and we have determined the metric matrix h(z,W )
associated to the Ka¨hler two-form ωDJn(z,W ), where z ∈ Cn and W ∈ M(n,C) is a
symmetric matrix describing points in Dn. We have introduced [12] a useful variable
η ∈ Cn, such that if we make a change of variables (z,W ) = FC(η,W ), z = η −Wη¯,
the metric on the Siegel-Jacobi ball expressed in (η,W ) separates as sum of the metric
on Cn and Dn, i.e. the FC-transform is a Ka¨hler homogeneous diffeomorphism and
realizes the fundamental conjecture for the homogeneous Ka¨hler manifold DJn [38, 25].
In [16] we have also determined the inverse matrix h−1 in the same variables.
In the present paper we use the results of [16] and calculate the Christoffel symbols on
DJn. This allows us to write down explicitly the equations of geodesics onD
J
n. We are not
able to integrate these equations, but we make some comments related to the geometric
and physical meaning of the variables used. In order to clarify the physical meaning of
the FC-transform, we use some notions concerning the CS, even that the present work
is mainly a simple matrix calculation, where the CS does not appear explicitely. As a
byproduct of the calculation of the Γ-s onDJn, we also calculate the covariant derivatives
D(d z) and D(dW ) (called in [41] holomorphic Γ-module connections associated to
the Christoffel symbols) - this kind of calculation was done also in [42] in order to
determine derivations of the Jacobi forms on Xmn = Xn × Cmn. The reason to present
the calculation of D(d z) and D(dW ) is to underline again the utility of the variables
introduced in [9, 12].
The paper is divided in two parts. In §2 are recalled some notations and concepts
introduced in pervious works and used in the present paper. In §2.1 we present what
we mean by Jacobi group in this paper, see details in [9, 12]. §2.2 recalls some simple
facts about the CS defined by Perelomov [35], in order to understand how the balanced
metric was obtained in [16]. The formulae used for calculation of geodesics are recalled
in §2.3. The geometry of DJ1 [7, 13], summarized in §2.4, is a guide for the calculation
to be done on DJn, especially Proposition 1, which gives equations of geodesics on the
Siegel-Jacobi disk. §2.5 reproduces the results from [16] concerning the matrix of the
balanced metric on DJn and is its inverse, the starting point of the present investigation
- see Theorem 1. In Proposition 3 we extract from [16] some facts on the geometry of
the Jacobi group and its action on the Siegel-Jacobi ball. The new results of the present
paper are contained in §3. The equations of geodesics in the variable z ∈ Cn, W ∈ Dn
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are given in §3.1, which also contains the calculation of Γ-s. Equations of geodesics
are collected in Proposition 5 of §3.2, followed by a discussion about the significance
of the result in the context of the FC-transform on DJn, which is shown to be not a
geodesic mapping. It was proved [4] that for symmetric manifolds the FC-transform
gives geodesics, but the studied Siegel-Jacobi ball is not a symmetric space. Section 3.3
summarizes our calculation of the covariant derivative of d z and dW . The appendix in
§4 is dedicated to the equations of geodesics on Dn deduced from equations of geodesics
on Xn. The new results of these paper are contained in Propositions 4, 5, 6 and 7.
Notation. We denote by R, C, Z, and N the field of real numbers, the field of complex
numbers, the ring of integers, and the set of non-negative integers, respectively. We
denote the imaginary unit
√−1 by i, and the Real and Imaginary part of a complex
number by ℜ and respectively ℑ, i.e. we have for z ∈ C, z = ℜz+iℑz, and z¯ = ℜz−iℑz.
M(m × n,F) ≅ Fmn denotes the set of all m × n matrices with entries in the field F.
M(n× 1,F) is identified with Fn. Set M(n,F) =M(n× n,F). For any A ∈Mn(F), At
denotes the transpose matrix of A. For A ∈Mn(C), A¯ denotes the conjugate matrix of
A and A∗ = A¯t. For A ∈Mn(C), the inequality A > 0 means that A is positive definite.
The identity matrix of degree n is denoted by In and On denotes the M(n,F)-matrix
with all entries 0. We consider a complex separable Hilbert space H endowed with a
scalar product which is antilinear in the first argument, (λx, y) = λ¯(x, y), x, y ∈ H,
λ ∈ C \ 0. If A is a linear operator, we denote by A† its adjoint. If π is a representation
of a Lie group G on the Hilbert space H and g is the Lie algebra of G, we denote
X := d π(X) forX ∈ g. We use Einstein convention that repeated indices are implicitly
summed over.
2. Preliminaries
2.1. The Jacobi group. The (complex) Jacobi group of index n is defined as the
semidirect product GJn = Hn ⋊ Sp(n,R)C, where Hn denotes the (2n + 1)-dimensional
Heisenberg group [39, 9, 12], endowed with the composition law
(2.1) (g1, α1, t1)(g2, α2, t2) =
(
g1g2, g
−1
2 × α1 + α2, t1 + t2 + ℑ(g−12 × α1α¯2)
)
.
αi ∈ Cn, ti ∈ R and gi ∈ Sp(n,R)C, i = 1, 2 have the form (2.2)
(2.2) g =
(
p q
q¯ p¯
)
, p, q ∈M(n,C),
and g ×α = p α+ q α¯, and g−1×α = p∗α− qtα¯. The matrices p, q ∈M(n,C) have the
properties
pp∗ − qq∗ = In, pqt = qpt;(2.3a)
p∗p− qtq¯ = In, ptq¯ = q∗p.(2.3b)
To the Jacobi group GJn it is associated a homogeneous manifold - the Siegel-Jacobi
ball DJn [9] - whose points are in C
n × Dn, i.e. a partially-bounded space. Dn de-
notes the Siegel (open) ball of index n. The non-compact hermitian symmetric space
Sp(n,R)C/U(n) admits a matrix realization as a homogeneous bounded domain:
(2.4) Dn := {W ∈M(n,C) : W = W t, N > 0, N := In −WW¯}.
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For g ∈ Sp(n,R)C of the form (2.2), (2.3) and α, z ∈ Cn, the transitive action (g, α)×
(W, z) = (W1, z1) of the Jacobi group G
J
n on the Siegel-Jacobi ball D
J
n is given by the
formulae [9]
W1 = (pW + q)(q¯W + p¯)
−1 = (Wq∗ + p∗)−1(qt +Wpt),(2.5a)
z1 = (Wq
∗ + p∗)−1(z + α−Wα¯).(2.5b)
2.2. Balanced metric and coherent states. We consider a Ka¨hler manifold M en-
dowed with a Ka¨hler-two form, locally written as
(2.6) ωM(z) = i
n∑
α,β=1
hαβ¯(z) d zα ∧ d z¯β , hαβ¯ = h¯βα¯ = hβ¯α,
We consider a G-invariant Ka¨hler two-form ωM (2.6) on the 2n-dimensional homo-
geneous manifold M = G/H derived from the Ka¨hler potential f(z, z¯) [24]
(2.7) hαβ¯ =
∂2f
∂zα∂z¯β
.
The condition of the metric to be a Ka¨hlerian one is (cf. (6) p. 156 in [32])
(2.8)
∂hαβ¯
∂zγ
=
∂hγβ¯
∂zα
, α, β, γ = 1, . . . , n.
As was underlined in [15] for DJ1 and proved in [16] for D
J
n , the homogeneous hermitian
metric determined in [7, 9, 12] is in fact a balanced metric, because it corresponds to
the Ka¨hler potential calculated as the scalar product of two CS-vectors
(2.9) f(z, z¯) = lnKM(z, z¯), KM(z, z¯) = (ez¯, ez¯).
We recall that in the approach of Perelomov [35] to CS it is supposed that there exists
a continuous, unitary, irreducible representation π of a Lie group G on the separable
complex Hilbert space H. The coherent vector mapping ϕ is defined locally (cf. [5, 6])
ϕ : M → H¯, ϕ(z) = ez¯, where H¯ denotes the Hilbert space conjugate to H.
We can introduce the normalized (unnormalized) vectors ex (respectively, ez) defined
on G/H
(2.10) ex = exp(
∑
φ∈∆+
xφX
+
φ − x¯φX−φ )e0, ez = exp(
∑
φ∈∆+
zφX
+
φ )e0,
where e0 is the extremal weight vector of the representation π, ∆+ are the positive roots
of the Lie algebra g of G, and Xφ, φ ∈ ∆, are the generators. X+φ (X−φ ) corresponds to
the positive (respectively, negative) generators. See details in [35, 6].
Let us denote by FC the change of variables x→ z in formula (2.10) such that
(2.11) ex = e˜z, e˜z := (ez, ez)
− 1
2 ez, z = FC(x).
The reason for calling the transform (2.11) FC (fundamental conjecture) is explained
later, see Proposition 2. We also recall that we have proved that for symmetric spaces
the dependence z(t) = FC(tX) from (2.11) gives geodesics in M with the property that
z(0) = p and z˙(0) = X [4].
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Using Perelomov’s CS vectors ez¯ ∈ H¯, z ∈ M we have considered [7, 9, 12, 16]
Berezin’s approach to quantization on Ka¨hler manifolds, with the supercomplete set of
vectors verifying the Parceval overcompletness identity [17, 18, 19, 20]
(2.12) (ψ1, ψ2)FK =
∫
M
(ψ1, ez¯)(ez¯, ψ2) d νM(z, z¯), ψ1, ψ2 ∈ H,
(2.13) d νM(z, z¯) =
ΩM(z, z¯)
(ez¯, ez¯)
; ΩM :=
1
n!
ω ∧ . . . ∧ ω︸ ︷︷ ︸
n times
.
Let us denote by Hf the weighted Hilbert space of square integrable holomorphic
functions on M , with weight e−f [27]
(2.14) Hf =
{
φ ∈ hol(M)|
∫
M
e−f |φ|2ΩM <∞
}
.
In order to identify the Hilbert space Hf defined by (2.14) with the Hilbert FK space
with scalar product (2.12), it was introduced the so called ǫ-function [36, 22, 23]
(2.15) ǫ(z) = e−f(z)KM(z, z¯).
If the Ka¨hler metric on the complex manifold M is such that ǫ(z) is a positive constant,
then the metric is called balanced. Donaldson [28] used this denomination for compact
manifolds, then it was used in [1] for noncompact manifolds and later [33] in the context
of Berezin quantization on homogeneous bounded domains.
The balanced hermitian metric of M in local coordinates is
(2.16) d s2M(z, z¯) =
n∑
α,β=1
∂2
∂zα∂z¯β
ln(KM(z, z¯)) d zα ⊗ d z¯β, KM(z, z¯) = (ez¯, ez¯).
2.3. Geodesics on Ka¨hler manifolds. In terms of a local coordinate system x1, . . . ,
xn the equations of geodesics on a manifold M with linear connection with components
of the linear connections Γ are (see e.g. Proposition 7.8 p. 145 in [31])
(2.17)
d2 xi
d t2
+
∑
j,k
Γijk
dxj
d t
d xk
d t
= 0, i = 1, . . . , n.
The components Γijk of a Riemannian (Levi-Civitta) connection are obtained by solving
the linear system (see e.g. [31], p 160)
(2.18) hlkΓ
l
ji =
1
2
(
∂hki
∂xj
+
∂hjk
∂xi
− ∂hji
∂xk
)
.
The connection matrix (form) θ = ∂ ln h (see §6 in [24] or §3.2 in [2]) has the matrix
elements:
(2.19) θji = Γ
j
ik d x
k.
The covariant derivative of a contravariant vector (one-form) is given by
(2.20) Dui = −θijuj.
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If we take into account the hermiticity condition in (2.7) on the metric and the Ka¨hlerian
restrictions (2.8), the non-zero Christoffel’s symbols Γ of the Chern connection (cf. e.g.
§3.2 in [2]; in the case of Ka¨hler manifolds, also Levi-Civita connection, cf. e.g. Theorem
4.17 in [2]) on Ka¨hler manifolds which appear in (2.18) are determined by the equations
(see also e.g. (12) at p. 156 in [32])
(2.21) hαǫ¯Γ
α
βγ =
∂hǫ¯β
∂zγ
=
∂hβǫ¯
∂zγ
.
We introduce the convention
(2.22) hαβ¯ := (hαβ¯)
−1, i.e. hαǫ¯h
ǫβ¯ = δαβ.
From (2.21), we have:
hαǫ¯h
ǫη¯Γαβγ = δ
η
αΓ
α
βγ = h
ǫη¯ ∂hγǫ¯
∂zβ
,
and we find for the Christoffel’s symbols for the Ka¨hler manifold, the formula
(2.23) Γγαβ = h¯
γǫ¯∂hβǫ¯
∂zα
= hǫγ¯
∂hβǫ¯
∂zα
.
2.4. Geodesics on the Siegel-Jacobi disk. We recall some formulae describing the
the Jacobi group GJ1 and the geometry of the Siegel-Jacobi disk D
J
1 [7, 13, 15].
The transitive action of the group GJ1 = H1 ⋊ SU(1, 1) ∋ (g, α)× (z, w)→ (z1, w1) ∈
DJ1 on the Siegel disk is given by the formulae:
(2.24) w1 =
aw + b
δ
, δ = b¯w + a¯, SU(1, 1) ∋ g =
(
a b
b¯ a¯
)
, where |a|2 − |b|2 = 1,
(2.25) z1 =
γ
δ
, γ = z + α− α¯w.
The balanced Ka¨hler two-form ωkµ on D
J
1 , G
J
1 -invariant to the action (2.24), (2.25),
can be written as:
(2.26) − iωkµ(z, w) = 2kdw ∧ d w¯
P 2
+ µ
A ∧ A¯
P
, A = d z + dwη¯(z, w), P = 1− ww¯,
(2.27) z = η − wη¯, and η = η(z, w) := z + z¯w
P
.
k indexes the positive discrete series of SU(1, 1) (2k ∈ N), while µ > 0 indexes the
representations of the Heisenberg group.
The matrix of the balanced metric (2.16) h = h(ς), ς := (z, w) ∈ C×D1 is
(2.28) h(ς) =
( µ
P
µ η
P
µ η¯
P
2k
P 2
+ µ |η|
2
P
)
.
The inverse of the matrix (2.28) reads
(2.29) h−1(ς) =
(
hzz¯ hzw¯
hwz¯ hww¯
)
=
(
P
µ
+ P
2|η|2
2k
−P 2η
2k
−P 2η¯
2k
P 2
2k
)
.
GEODESICS ASSOCIATED TO THE BALANCED METRIC ON THE SIEGEL-JACOBI BALL 7
If we introduce the notation
(2.30) GM(z) := det(hαβ¯)α,β=1,...,n,
then we find
(2.31) GDJ1 (z, w) =
2kµ
(1− ww¯)3 , z ∈ C, |w| < 1.
In the variables (z, w) ∈ (C,D1) the equations of geodesics (2.17) read
(2.32)
{
d2 z
d t2
+ Γzzz
(
d z
d t
)2
+ 2Γzzw
d z
d t
dw
d t
+ Γzww
(
dw
d t
)2
= 0;
d2 w
d t2
+ Γwzz
(
d z
d t
)2
+ 2Γwzw
d z
d t
dw
d t
+ Γwww
(
dw
d t
)2
= 0.
The equations (2.21) which determine the Γ-symbols for the Siegel-Jacobi disk are
(2.33)
{
hzz¯Γ
z
zz + hwz¯Γ
w
zz =
∂hzz¯
∂z
;
hzw¯Γ
z
zz + hww¯Γ
w
zz =
∂hzw¯
∂z
.
(2.34)
{
hzz¯Γ
z
zw + hwz¯Γ
w
zw =
∂hwz¯
∂z
;
hzw¯Γ
z
zw + hww¯Γ
w
zw =
∂hww¯
∂z
.
(2.35)
{
hzz¯Γ
z
ww + hwz¯Γ
w
ww =
∂hwz¯
∂w
;
hzw¯Γ
z
ww + hww¯Γ
w
ww =
∂hww¯
∂w
.
From (2.33)-(2.35) or from (2.23), we get
Γzzz = h
z¯z ∂hzz¯
∂z
+ hw¯z
∂hzw¯
∂z
; Γwzz = h
z¯w ∂hzz¯
∂z
+ hw¯w
∂hzw¯
∂z
;
Γzzw = h
zz¯ ∂hwz¯
∂z
+ hwz¯
∂hww¯
∂z
; Γwzw = h
ww¯∂hww¯
∂z
+ hzw¯
∂hwz¯
∂z
;
Γzww = h
zz¯ ∂hwz¯
∂w
+ hwz¯
∂hww¯
∂w
; Γwww = h
ww¯∂hww¯
∂w
+ hzw¯
∂hwz¯
∂w
.
(2.36)
With (2.28), we calculate easily the derivatives
∂hzz¯
∂z
= 0;
∂hzw¯
∂z
=
µ
P 2
;
∂hwz¯
∂z
= µ
w¯
P 2
;
∂hww¯
∂z
= µ
η¯ + ηw¯
P 2
;
∂hwz¯
∂w
= 2µ
w¯η¯
P 2
;
∂hww¯
∂w
= µ
z¯η¯
P 2
+ 3µ
w¯|η|2
P 2
+ 4k
w¯
P 3
.
(2.37)
Introducing (2.37) into (2.33)-(2.35), we finds for the Christoffel’s symbols Γ-s the
expressions
Γzzz = −λη¯; Γwzz = λ; Γzzw = −λη¯2 +
w¯
P
;
Γwwz = λη¯; Γ
z
ww = −λη¯3; Γwww = λη¯2 + 2
w¯
P
, λ =
µ
2k
.
(2.38)
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Proposition 1. The equations of geodesics on the Siegel-Jacobi corresponding to metric
defined by ωkµ (2.26) are
µη¯G21 = 2kG3, G1 =
d z
d t
+ η¯
dw
d t
, G3 =
d2 z
d t2
+ 2
w¯
P
d z
d t
dw
d t
, P = 1− ww¯;(2.39a)
µG21 = −2kG2, G2 =
d2w
d t2
+ 2
w¯
P
(
dw
d t
)2.(2.39b)
The connection matrix wDJ1 on D
J
1
θDJ1 :=
(
θzz θ
z
w
θwz θ
w
w
)
=
(
Γzzz d z + Γ
z
zw dw Γ
z
wz + Γ
z
ww dw
Γwzz d z + Γ
w
zw dw Γ
w
wz d z + Γ
w
ww dw
)
has the value
(2.40) θDJ1 =
( −λη¯A+ w¯
P
dw −λη¯2A+ w¯
P
d z
λA λη¯A+ 2 w¯
P
dw
)
.
The covariant derivative of d z on DJ1 has the expression
D(d z) =
(
d z dw
)( λη¯ λη¯2 − w¯
P
λη¯2 − w¯
P
λη¯3
)(
d z
dw
)
=
(
A dw
)( λη¯ − w¯
P− w¯
P
2 η¯w¯
P
)(
A
dw
)
.
(2.41)
The covariante derivative of dw has the expression
−D(dw) = ( d z dw )( λ λη¯
λη¯ λη¯2 + 2 w¯
P
)(
d z
dw
)
(2.42a)
=
(
A dw
)( λ 0
0 2 w¯
P
)(
A
dw
)
.(2.42b)
2.5. Balanced metric on the Siegel-Jacobi ball. The Jacobi algebra is the the
semi-direct sum gJn := hn⋊ sp(n,R)C [8, 9, 12]. The Heisenberg algebra hn is generated
by the boson creation (respectively, annihilation) operators a†, (a), and
(2.43) [ai, a
†
j ] = δij ; [ai, aj] = [a
†
i , a
†
j ] = 0.
K±,0ij are the generators of the sp(R)C algebra
[K−ij , K
−
kl] = [K
+
ij , K
+
kl] = 0, 2[K
−
ij , K
0
kl] = K
−
il δkj +K
−
jlδki,(2.44a)
2[K−ij , K
+
kl] = K
0
kjδli +K
0
ljδki +K
0
kiδlj +K
0
liδkj ,(2.44b)
2[K+ij , K
0
kl] = −K+ikδjl −K+jkδli, 2[K0ji, K0kl] = K0jlδki −K0kiδlj.(2.44c)
hn is an ideal in g
J
n, and
[a†k, K
+
ij ] = [ak, K
−
ij ] = 0,(2.45a)
[ai, K
+
kj] =
1
2
δika
†
j +
1
2
δija
†
k, [K
−
kj, a
†
i ] =
1
2
δikaj +
1
2
δijak,(2.45b)
[K0ij , a
†
k] =
1
2
δjka
†
i , [ak, K
0
ij] =
1
2
δikaj .(2.45c)
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Perelomov’s CS vectors [35] associated to the group GJn with Lie algebra the Jacobi
algebra gJn based the Siegel-Jacobi ball D
J
n have been defined as [9, 35]
(2.46) ez,W = exp(X)e0, X :=
√
µ
n∑
i=1
zia
†
i +
n∑
i,j=1
wijK
+
ij , z ∈ Cn;W ∈ Dn.
The vector e0 appearing in (2.46) verifies the relations
(2.47) aieo = 0, i = 1, · · · , n; K+ije0 6= 0, K−ije0 = 0, K0ije0 =
k
4
δije0, i, j = 1, . . . , n.
The reproducing kernel K(z,W ) = (ez,W , ez,W )kµ, z ∈ Cn,W ∈ Dn is
(2.48) K(z,W ) = det(M)
k
2 expµF,M = (In −WW¯ )−1,
2F = 2z¯tMz + ztW¯Mz + z¯tMWz¯,(2.49a)
2F = 2η¯tη − ηtW¯η − η¯tWη¯,(2.49b)
(2.50) η = M(z +Wz¯); z = η −Wη¯.
The manifold DJn has the Ka¨hler potential (2.51), f = logK, with K given by (2.48),
f =−k
2
log det(In −WW¯ )
+ µ{z¯t(In −WW¯ )−1z + 12zt[W¯ (In −WW¯ )−1]z + 12 z¯t[(In −WW¯ )−1W ]z¯}.
(2.51)
We use the following notation for the matrix of the metric:
(2.52) h =
(
h1 h2
h3 h4
)
=
(
hij¯ hip¯q¯
hpqi¯ hpqm¯n¯
)
∈M(n(n + 3)/2,C), p ≤ q,m ≤ n. h = h∗,
We use the following convention: indices of z ∈M(n×1,C) are denoted with: i, j, k, l;
indices of W = W t,W ∈M(n,C) are denoted with: m,n, p, q, r, s, t, u, v.
We have determined the “inverse” h−1 of (2.52) such that
(2.53)
(
h1 h2
h3 h4
)(
h1 h2
h3 h4
)
=
(
In 0
0 ∆
)
,
where ∆ is defined in (2.54) (see equation (4.5) in [12]):
(2.54) ∆ijpq :=
∂wij
∂wpq
= δipδjq + δiqδjp − δijδpqδip = (δipδjq + δiqδjp)fij , wij = wji.
We use the notation
(2.55) fpq := 1− 1
2
δpq; dpq := 1− δpq.
In [16] we have proved
Theorem 1. The Ka¨hler two-form ωDJn, associated with the balanced metric of the
Siegel-Jacobi ball DJn, G
J
n-invariant to the action (2.5a), (2.5b) has the expression
− iωDJn(z,W ) = k2Tr(B ∧ B¯)+ µTr(AtM¯ ∧ A¯), A = d z + dWη¯,
B =M dW, M =(In −WW¯ )−1.
(2.56)
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The matrix (2.52) of the metric on DJn has the matrix elements (2.57):
hij¯ = µM¯ij,(2.57a)
hip¯q¯ = µ(ηqM¯ip + ηpM¯iq)fpq,(2.57b)
hpqi¯ = µ(η¯qM¯pi + η¯pM¯qi)fpq,(2.57c)
hpqm¯n¯ =
k
2
hkpqm¯n¯ + µh
µ
pqm¯n¯,(2.57d)
hkpqm¯n¯ = 2(MmpMnq +MmqMnp)− 2Mmp(Mnpδpq +Mmqδmn) +M2mpδpqδmn(2.57e)
= 2MmpMnqdpq + 2MmqMnpdmn +M
2
mpδpqδmn,
hµpqm¯n¯ = η¯p(ηnMmq + ηmMnq)dpq + η¯q(ηnMmp + ηmMnp)(2.57f)
− ηm(η¯pMmq + η¯qMmp)δmn + η¯pηmMmpδpqδmn
= [η¯p(ηnM¯qm + ηmM¯qn) + η¯q(ηnM¯pm + ηmM¯pn)]fpqfmn.
The “inverse” of the matrix with elements hkpqm¯n¯ given by (2.57e) has the matrix ele-
ments
(2.58) kmnu¯v¯ =
1
2
(NvnN¯mu +NvmN¯nu), N = In −WW¯,
and we have
(2.59)
∑
m≤n
hkpqm¯n¯kmnu¯v¯ = ∆
uv
pq .
The “inverse” h−1 of the metric matrix h which verifies (2.53), has the elements h1–
h4 given by
(h1)ij = σM¯
−1
ij , σ =
1
µ
+ α
2
k
, α = ηtM¯−1η¯ = η¯nSn, Sn =
∑
ηqM¯
−1
qn ;(2.60a)
(h2)im¯n¯ = −1
k
(SnM¯
−1
im + SmM¯
−1
in );(2.60b)
(h3)mni¯ = −
1
k
(S¯nM¯
−1
mi + S¯mM¯
−1
ni );(2.60c)
(h4)pqm¯n¯ =
2
k
(hk)−1pqm¯n¯ =
1
k
(M¯−1qn M¯
−1
pm + M¯
−1
pn M¯
−1
qm).(2.60d)
The determinant of the metric matrix h is
(2.61) GDJn(z,W ) = det hDJn(z,W ) = (
k
2
)
n(n+1)
2 µn det(In −WW¯ )−(n+2).
In the case n = 1 formulae (2.57), (2.60), (2.61) became the formulae (2.28), (2.29),
respectively (2.31), with 2k ↔ k
2
.
Now we recall (see Proposition 4 in [12], Lemma 2 and Proposition 3 in [13], and
Propositions 1 and 2 in[14]) the significance of the change of coordinates (2.50) as a
FC-transform in the language of coherent states and also in the context of fundamental
conjecture for homogeneous Ka¨hler manifolds of Gindikin-Vinberg [38] (see the proof
in [25]).
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Proposition 2. a) The change of coordinates (2.50) (z,W ) = FC(η,W ), z = η−Wη¯
is a FC-transform in the meaning of (2.11).
b) The FC-transform (2.50) Cn ×Dn ∋ (η,W ) FC→ (z,W ) ∈ DJn is Ka¨hler homoge-
neous diffeomorphism, i.e.
ωCn×Dn(z, η) = FC
∗[ωDJn(z,W )] = ωDn(W ) + ωCn(η),
where
(2.62) − iωDn(W ) =
k
2
Tr(B ∧ B¯), − iωCn = µTr(d ηt ∧ d η¯).
The Ka¨hler two-form ωCn×Dn(z, η) is invariant to the G
J
n-action on Dn × Cn: (g, α)×
(η,W )→ (η1,W1), where g has the expression (2.2), W1 is given by (2.5a), and
η1 = p(η + α) + q(η¯ + α¯).
In the following proposition we collect several geometric properties of the Siegel-
Jacobi group and its action on the Siegel-Jacobi ball (see Remark 4, Proposition 3 and
Proposition 4 from [16], where all the terms appearing in the enunciation below are
explained).
Proposition 3. i) The Jacobi group GJn is an unimodular, non-reductive, algebraic
group of Harish-Chandra type.
ii) The Siegel-Jacobi domain DJn is a homogeneous reductive, non-symmetric manifold
associated to the Jacobi group GJn by the generalized Harish-Chandra embedding.
iii) The homogeneous Ka¨hler manifold DJn is contractible.
iv) The Ka¨hler potential of the Siegel-Jacobi ball is global. DJn is a Lu Qi-Keng manifold,
with nowhere vanishing diastasis.
v) The manifold DJn is a quantizable manifold.
vi) The DJn is projectively induced, and the Jacobi group G
J
n is a CS-type group.
vii) The Siegel-Jacobi ball DJn is not an Einstein metric with respect to the balanced
metric attached to the Ka¨hler two-form (2.56), but it is one with respect to the Bergman
metric corresponding to the Bergman Ka¨hler two-form.
ix) The scalar curvature is constant and negative.
3. Geodesics on the Siegel-Jacobi ball
3.1. Calculation of Γ-s. In the case of the Siegel-Jacobi ball, the equations of geodesics
(2.17) read
d2 zi
d t2
+ Γijk
d zj
d t
d zk
d t
+ 2
∑
p≤q
Γijpq
d zj
d t
dwpq
d t
+
∑
p≤q,m≤n
Γipqmn
dwpq
d t
dwmn
d t
= 0,(3.1a)
d2wpq
d t2
+ Γpqjk
d zj
d t
d zk
d t
+ 2
∑
m≤n
Γpqimn
d zi
d t
dwmn
d t
+
∑
m≤n,u≤v
Γpqmnuv
dwmn
d t
dwuv
d t
= 0.(3.1b)
Equations (2.32) are a particular case of (3.1).
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The equations (2.21) which determine the Γ-symbols for the Siegel-Jacobi ball DJn
are
(3.2)
{
hij¯Γ
i
kl +
∑
m≤n hmnj¯Γ
mn
kl =
∂hlj¯
∂zk
=
∂hkj¯
∂zl
;
hip¯q¯Γ
i
kl +
∑
m≤n hmnp¯q¯Γ
mn
kl =
∂hkp¯q¯
∂zl
.
(3.3)
{
hij¯Γ
i
kpq +
∑
m≤n hmnj¯Γ
mn
kpq =
∂hpqj¯
∂zk
;
hip¯q¯Γ
i
krs +
∑
m≤n hmnj¯Γ
mn
kpq =
∂hpqj¯
∂zk
.
(3.4)
{
hij¯Γ
i
pquv +
∑
m≤n hmnj¯Γ
mn
pquv =
∂huvj¯
∂wpq
;
his¯t¯Γ
i
pquv +
∑
m≤n hmns¯t¯Γ
mn
pquv =
∂huvs¯t¯
∂wpq
.
Equations (3.2)-(3.4) are a generalization on DJn of the corresponding ones (2.33)-(2.35)
on DJ1 .
With formula (2.23), we have
Γijk = h
l¯i∂hkl¯
∂zj
+
∑
p≤q
hpqi¯
∂hkp¯q¯
∂zj
,(3.5a)
Γijpq = h
ki¯
∂hpqk¯
∂zj
+
∑
r≤s
hrs¯i
∂hpqr¯s¯
∂zj
,(3.5b)
Γpqjk = h
ip¯q¯ ∂hki¯
∂zj
+
∑
m≤n
hmnp¯q¯
∂hkm¯n¯
∂zj
,(3.5c)
Γpqimn = h
jp¯q¯ ∂hmnj¯
∂zi
+
∑
u≤v
huvp¯q¯
∂hmnu¯v¯
∂zi
,(3.5d)
Γipqmn = h
ji¯∂hmnj¯
∂wpq
+
∑
r≤s
hrs¯i
∂hmnr¯s¯
∂wpq
,(3.5e)
Γpqmnuv = h
ip¯q¯ ∂huvi¯
∂wmn
+
∑
s≤t
hstp¯q¯
∂huvs¯t¯
∂wmn
.(3.5f)
Equations (3.5) for DJn generalize equations (2.36) for D
J
1 .
We shall use the formulae given in Theorem 1 for the matrix elements of the metric
and its inverse and also some formulae (see (3.28) and (3.29) in [16])
∂Mab
∂wik
= (MaiXkb +MakXib)fik, where X = X
t = W¯M = M¯W¯ ,(3.6a)
∂Xab
∂wik
= (XaiXbk +XakXib)fik,(3.6b)
∂X¯ab
∂wik
= (MaiMbk +MakMbi)fik.(3.6c)
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∂ηq
∂zl
=Mql,
∂η¯q
∂zj
= Xqj,
∂ηt
∂wpq
= (Mtpη¯q +Mtq η¯p)fpq,
∂η¯n
∂wpq
= (η¯pXqn + η¯qXpn)fpq.
(3.7)
Now we want to calculate the partial derivatives which appear in (3.5), a general-
ization of the partial derivatives (2.37). We use (3.6) and (3.7) to calculate the partial
derivatives which appear in the equations (3.5) of Γ-s and we get
∂hkl¯
∂zj
= 0,
∂hkp¯q¯
∂zj
= µ(MpkMqj +MpjMqk)fpq,
hpqk¯
∂zj
= µ(XqjMkp +XpjMkq)fpq,
∂hpqr¯s¯
∂zj
= µMrp[Xqjηs + η¯qMsj],
1
µ
∂hpqr¯s¯
∂zj
=[Xpj(ηsM¯qr + ηrM¯qs) +Xqj(ηsM¯pr + ηrM¯ps)]fpqfrs
+ [η¯p(MsjM¯qr +MrjM¯qs) + η¯q(MsjM¯pr +MrjM¯ps)]fpqfrs,
1
µ
∂hmnj¯
∂wpq
=[Λpqn M¯mj + η¯n(MjpXqm +MjqXpm)]fmnfpq
+[ΛpqmM¯nj + η¯m(MjpXqn +MjqXpn)]fmnfpq,
∂hkmnr¯s¯
∂wpq
=2[(MrpXqm+MrqXpm)Msn+Mrm(MspXqn+MsqXpn)]dmnfpq
+2[(MrpXqn+MrqXpn)Msm+Mrn(MspXqm+MsqXpm)]drsfpq
+2Mrn(MspXqm +MsqXpm)δmnδrsfpq,
where
(3.9) Λpqm := η¯pXqm + η¯qXpm.
We have also
(3.10)
∂hµmnr¯s¯
∂wpq
= Υpqmnfmnfrsfpq,
where
Υpqmn = Λ
pq
m (ηsM¯nr + ηrM¯ns) + Λ
pq
n (ηsM¯mr + ηrM¯ms)
+ η¯m[(η¯qMsp + η¯pMsq)M¯nr + ηs(MrpXqn +MrqXpn)]
+ η¯m[(η¯qMrp + η¯pMrq)M¯ns + ηr(MspXqn +MsqXpn)]
+ η¯n[(η¯qMsp + η¯pMsq)M¯mr + ηs(MrpXqm +MrqXpm)]
+ η¯n[(η¯qMrp + η¯pMrq)M¯ms + ηr(MspXqm +MsqXpm)].
In order to calculate Γipqmn with (3.5e), we calculate the first term
1Γ
i
pqmn := h
ji¯∂hmnj¯
∂wpq
= (1 + 2ǫα)X ipqmnfmn, ǫ =
µ
k
,
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where
(3.12) X ipqmn = (δmiΛ
pq
m + δniΛ
pq
n + η¯mΩ
i
pqn + η¯nΩ
i
pqm)fpq,
(3.13) Ωipqm := δipXqm + δiqXpm.
Now we calculate
2Γ
i
pqmn :=
∑
r≤s
hrs¯i
∂hmnr¯s¯
∂wpq
=2k Γ
i
pqmn +2µ Γ
i
pqmn,
where
2kΓ
i
pqmn = −
∑
s≤r
(S¯sM¯
−1
ri + S¯rM¯
−1
si )
∂hkmnr¯s¯
∂wpq
.
We find
2kΓ
i
pqnn = −
1
2
X ipqnn,
while
2kΓ
i
pqmn = −X ipqmn, m 6= n,
i.e.
2kΓ
i
pqmn = −X ipqmnfmn.
For
2µΓ
i
pqmn :=
∑
r≤s
hstp¯q¯
∂hµ
uvs¯t¯
∂wmn
,
we find
2µΓ
i
pqmn := −ǫfmnfpqY ipqmn,
where
Y ipqmn = α(δniΛ
pq
m + δmiΛ
pq
n + η¯mΩ
i
pqn + η¯nΩ
i
pqm)
+ 2Si(η¯nΛ
pq
m + η¯mΛ
pq
m) + 2η¯pη¯q(η¯mδin + η¯nδim)
+ 2η¯nη¯m(η¯qδip + η¯pδiq).
(3.14)
We find
Γipqmn = ǫfmnfpqZ
i
pqmn,
where
Z ipqmn = α(δniΛ
pq
m + δmiΛ
pq
n + η¯mΩ
i
pqn + η¯nΩ
i
pqm)
− 2Si(η¯nΛpqm + η¯mΛpqn )− 2η¯pη¯q(η¯mδin + η¯nδim)
− 2η¯nη¯m(η¯qδip + η¯pδiq).
(3.15)
In (3.5f) we calculate firstly
1Γ
pq
mnuv := h
ip¯q¯ ∂huvi¯
∂wmn
= −ǫfuvfmnSq(δpuΛmnv + η¯vΩpmnu + δpvΛmnu + η¯uΩpmnv)
− ǫfuvfmnSqSp(δquΛmnv + η¯vΩqmnu + δqvΛmnu + η¯uΩqmnv).
(3.16)
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Now we calculate in (3.5f)
(3.17) 2kΓ
pq
mnuv := h
rs¯i∂h
k
mnr¯s¯
∂wpq
= fuvfmn(δvqΩ
p
mnv + δupΩ
q
mnv + δuqΩ
p
mnv + δvpΩ
q
mnu).
2µΓ
pq
mnuv := h
stp¯q¯ ∂h
µ
uvs¯t¯
∂wmn
= ǫfuvfmnU
st
mnuv,
where
Ustmnuv = Λ
mn
u (Sqδpv + Spδqv) + Λ
mn
v (Sqδpu + Spδqu)
+ (η¯nδmq + η¯mδnq) + (δvpη¯u + δupη¯v)
+ (η¯nδmp + η¯mδnp)(δvq η¯u + δuqη¯v)
+ η¯u(SqΩ
p
mnv + SpΩ
q
mnv) + η¯v(SqΩ
p
mnu + SpΩ
q
mnu).
(3.18)
Now we calculate
Γpqmnuv :=2k Γ
pq
mnuv +2µ Γ
pq
mnuv.
We find
Γpqmnuv = fuvfmnV
pq
mnuv,
V pqmnuv = δvqΩ
p
mnu + δupΩ
q
mnv + δuqΩ
p
mnv + δvpΩ
q
mnu + ǫW
pq
mnuv,
W pqmnuv = (η¯nδmq + η¯mδnq)(δvpη¯u + δupη¯v) + (η¯nδmp + η¯mδnp)(δvq η¯u + δuqη¯v).
(3.19)
We have proved
Proposition 4. The Christoffel’s symbols of the Siegel-Jacobi ball DJn endowed with
the balanced metric attached to the Ka¨hler two-form (2.56) are
Γijk = −ǫ(η¯jδik + η¯kδij), where ǫ =
µ
k
,(3.20a)
Γijpq = [(1 + ǫα)(Xqjδpi +Xpjδqi)− ǫSi(η¯pXqj + η¯qXpj)]fpq(3.20b)
− ǫ[η¯j(η¯qδpi + η¯pδqi) + 2η¯pη¯qδij ]fpq,(3.20c)
Γpqjk = ǫ(δkpδjq + δpjδqk),(3.20d)
Γpqimn = ǫ[η¯m(δnpδiq + δnqδip) + η¯n(δmpδiq + δmqδip)]fmn,(3.20e)
Γipqmn = ǫfmnfpqZ
i
pqmn,(3.20f)
Γpqmnuv = fuvfmnV
pq
mnuv.(3.20g)
Si was defined in (2.60a), X was defined in (3.6a), Z
i
pqmn is given by (3.15), V
pq
mnuv is
given by (3.19), Λpqm is defined in (3.9), Ω
i
pqm is given by (3.13).
Equations (3.20) of the Cristolffel’s symbols for DJn generalize the corresponding ones
(2.38) on DJ1 .
For the proof of the last assertion in Proposition 4, we have in the case case n = 1
the following relations:
α = |η|2P , S = ηP , M = M¯ = P−1, X := W¯M → w¯P−1, Λ = η¯w¯/P , Ω = X ,
Υ = 4η¯
P 2
(η¯ + 2ηw¯), X ipqmn → 2(Λ + η¯Ω) = 4 η¯w¯P , Y = 4η¯2(η¯ + 2w¯η), Z = −4η¯3.
1
2k
corresponds in the case n = 1 to 2
k
, i.e. ǫ = 1
2
λ.
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3.2. Equations of geodesics. Now we calculate the equations of geodesics (3.1). In
order to calculate (3.1a), we find successively:
Γijk
d zj
d t
d zk
d t
= −2ǫLd zi
d t
,
∑
p≤q
Γijpq
d zj
d t
dwpq
d t
= Qi + ǫ[αQi − Siη¯tQ− Lλi − η¯tdW
d t
η¯
d zi
d t
],
∑
p≤q,m≤n
Γipqmn
dwpq
d t
dwmn
d t
= 2ǫ[α(λX
dW
d t
)i − Si(λtX dW
d t
η¯)− η¯tdW
d t
η¯λi],
where
L = η¯k
d zk
d t
, λ = η¯t
dW
d t
, Q =
dW
d t
X
d z
d t
.
We write down (3.1a) as
(3.21) G3 = 2ǫG1,
where
(3.22) G1i = (η¯
tY )Yi + (η¯
tdW
d t
XY )Si − α(dW
d t
X)Yi, Y =
dZ
d t
+
dW
d t
η¯,
(3.23) G3 =
d2 z
d t2
+ 2Q.
Now we calculate (3.1b). We find successively
Γpqjk
d zj
d t
d zk
d t
= 2ǫ
d zp
d t
d zq
d t
,
∑
m≤n
Γpqimn
d zi
d t
dwmn
d t
= ǫ(λp
d zq
d t
+ λq
d zp
d t
),
∑
m≤n,u≤v
Γpqmnuv
dwmn
d t
dwuv
d t
= 2ǫλpλq + 2(
dW
d t
X
dW
d t
)pq.
We write (3.1b) as
(3.24) G2 = −2ǫG4,
where
(3.25) G2 =
d2W
d t2
+ 2
dW
d t
X
dW
d t
; G4 = Y ⊗ Y
We rewrite equations (3.21), (3.24) as (3.26)
kG3 = 2µG1,(3.26a)
kG2 = −2µG4,(3.26b)
and we have proved
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Proposition 5. The equations of geodesics (3.1) on the Siegal-Jacobi ball DJn corre-
sponding to the balanced metric attached to the Ka¨hler two-form (2.56) are given in
(3.26), where G1, G2 and G4, G3, are given by (3.22), (3.25), respectively (3.23).
Equations (3.26) in the case of DJ1 are those given in Proposition 1.
Now we discuss the solution of the system of differential equations (3.26).
(a) If we consider µ = 0, then in (3.26b) we get G2 = 0, i.e. the equation of geodesics
on the Siegel ball Dn (see the Appendix)
(3.27) G2 :=
d2W
d t2
+ 2
dW
d t
X
dW
d t
= 0.
The solution of the equation (3.27) with W (0) = On and W˙ (0) = B is
(3.28) W (t) = B
tanh(t
√
B¯B)√
B¯B
.
Note that the change of coordinates (3.28) is a FC-transform in the sense of (2.10) on
the Siegel ball Dn (see the comment after Remark 7 in [13] for D1 and formula (2.25)
for Dn in [9]).
If we introduce the solution (3.28) into (3.26a), then the solution of the equation
G3 = 0 is
z(t) =W (t)B−1
(
d z
d t
)
0
+ z(0).
(b) If µ 6= 0, a particular solution (z,W ) of the equations of geodesics on Siegel-ball
Jacobi DJn is given by z(t) = η0−W (t)η¯0, whereW (t) has the expression (3.28) and η0 is
independent of t. This is a particular case of the solution corresponding to η = η0+ tη1
of the equations of geodesics d
2 η
d t2
= 0 on the flat manifold Cn corresponding to the
separation of variables by the FC-transform. We can formulate the
Proposition 6. The FC-transform (2.50) is not a geodesic mapping, but it gives geode-
sics (z(t),W (t)) = FC(η0,W (t)) on the nonsymmetric space D
J
n, with W (t) given by
(3.28).
For more details, see Remark 8 and appendix A in [13], where the notion of geodesic
mapping (cf. Definition 5.1 p. 127 in [34]) is explained.
3.3. Covariant derivative of one-forms. We calculate the connection matrix (2.19)
on the Siegel-Jacobi ball using the Christofell’s symbols obtained in Proposition 4
(3.29) θ =
(
θij θ
i
pq
θpqi θ
pq
mn
)
.
We have
(3.30) θij := Γ
i
jk d zk +
∑
p≤q
Γijpq dwpq.
We get
(3.31) θij = (1 + ǫα)Ξji − ǫ[η¯jAi + δij η¯tA+ Si(Ξη¯)j],
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where we have introduced the notation
(3.32) Ξ = X dW.
We calculate
(3.33) θipq := Γ
i
pqj d zj +
∑
m≤n
Γipqmn dwmn,
and we obtain
θipq = fpq[δip(X d z)q + δiq(X d z)p + ǫT
i
pq],
T ipq = α[δip(XA)q + δiq(XA)p + η¯pΞqi + η¯qΞpi]
− Si {η¯p[X(A+ dWη¯)]q + η¯q[X(A+ dWη¯)]p}
− [(η¯qδip + η¯pδiq)(η¯tA) + 2η¯pη¯qAi].
(3.34)
For
(3.35) θpqi := Γ
pq
ij d zj +
∑
m≤n
Γpqimn dwmn,
we get
(3.36) θpqi = ǫ(δiqAp + δipAq).
We calculate
(3.37) θpqmn := Γ
pq
imn d zi +
∑
u≤v
Γpqmnuv dwuv,
as
Γpqimn d zi = ǫ[η¯m(δnp d zq + δnq d zp) + η¯n(δmp d zq + δmq d zp)]fmn,∑
u≤v
Γpqmnuv dwuv = [δpmΞnq + δpnΞmq + δqmΞnp + δqnΞmp]fmn
+ ǫ[(η¯nδmq + η¯mδnq)(η¯
t dW )p + (η¯nδmp + η¯mδnp)(η¯
t dW )q]fmn
(3.38)
For (3.37) we obtain
θpqmn = [δpmΞnq + δpnΞmq + δqmΞnp + δqnΞmp]fmn
+ ǫ[(η¯nδmq + η¯mδnq)Ap + (η¯nδmp + η¯mδnp)Aq]fmn.
(3.39)
We calculate the covariant derivative of the one form d zi with (2.20) as
(3.40) −D(d zi) = wij d zj +
∑
p≤q
θipq dwpq.
We get successively
θij d zj = (1 + ǫα)(Ξ
t d z)i − ǫ[(η¯t d z)Ai + (η¯tA) d zi + (η¯tΞt d z)Si],∑
p≤q
θipq dwpq = (Ξ
t d z)i + ǫ{α[Ξt(A+ dWη¯)]i + [η¯tΞt(A+ dWη¯)]Si}
− ǫ[(η¯tA)(dWη¯)i + (η¯t dWη¯)Ai].
(3.41)
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We get for (3.40) the expression
(3.42) − 1
2
D(d zi) = {Ξt[(1 + ǫα)A− dWη¯]}i − ǫ[(η¯tA)Ai + (η¯tΞtA)Si].
Now we calculate the covariant derivative of dwpq:
(3.43) −D dwpq = θpqi d zi +
∑
m≤n
θpqmn dwmn.
We obtain
θpqi d zi = ǫ(Ap d zq +Aq d zp),∑
m≤n
θpqmn dwmn = (dWΞ)pq + (dWΞ)qp + ǫ[Ap(dWη¯)q +Aq(dWη¯)p],
which introduced in (3.43) gives
−D(dwpq) = (dWΞ)pq + (dWΞ)qp + 2ǫApAq,
which can be writen as
(3.44) −D(dW ) = 2 ( At dW )( ǫIn 0
0 X
)(
A
dW
)
.
We have proved
Proposition 7. The connections matrix (3.29) on DJn, whose matrix elements are
calculated with formulae (3.30), (3.33), (3.35) and (3.37), are given by (3.31), (3.34),
(3.36), respectively (3.39).
The covariant derivative D(d zi) (3.40) and D(dwpq) (3.43) on the Siegel-Jacobi ball
DJn are given by formulae (3.42), respectively (3.44), which generalize (2.41), respec-
tively (2.42) on the Siegl-Jacobi disk DJ1 .
4. Appendix
The real Jacobi group of index n is defined as GJn(R) = Hn(R) ⋊ Sp(n,R), where
Hn(R) is the real Heisenberg group of real dimension (2n+ 1) [39, 12].
To the Jacobi group GJn(R) it is associated the homogeneous manifold - the Siegel-
Jacobi upper half-plane - XJn ≈ Cn × Xn, where the Siegel upper half-plane Xn =
Sp(n,R)/U(n) is realized as
Xn := {V ∈M(n,C)|V = S + iR, S,R ∈M(n,R), R > 0, St = S;Rt = R}.
Siegel has determined the metric on Xn, Sp(n,R)-invariant to the action (4.1)
(4.1) V1 = (aV + b)(cV + d)
−1 = (V ct + dt)−1(V at + bt);
(
a b
c d
)
∈ Sp(n,R),
(see equation (2) in [37] or Theorem 3 at p. 644 in [29]):
(4.2) d s2Xn(R) = Tr(R
−1 dV R−1 d V¯ ).
With the Cayley transform (4.3)
(4.3) V = i(In −W )−1(In +W ),
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and the relations
V˙ = 2 iUW˙U, U = (In −W )−1,(4.4a)
V¨ = 2 iU(W¨ + 2W˙UW˙ )U,(4.4b)
2R = (In +W )U + (In + W¯ )U¯ ,(4.4c)
introduced in (4.2), it is obtained the metric on Dn, Sp(n,R)C-invariant to the action
(2.5a):
(4.5) d s2Dn(W ) = 4Tr(M dWM¯ d W¯ ), W ∈ Dn, M = (In −WW¯ )−1.
(4.4b) is equation (3.2) in [40] and corresponds to ωDn in (2.62).
Equations of geodesics on the Siegel-upper half plane Xn (see e.g. equation (39) in
[37] or Theorem 11 in at p. 478 in [29]) are
(4.6) V¨ = − i V˙ R−1V˙ .
The relation (4.4c) can be written as
(4.7) R = (In − W¯ )−1(In − W¯W )(In −W )−1 = (In −W )−1(In −WW¯ )(In − W¯ )−1.
Equation (4.6) on Xn becomes on Dn
W¨ + 2W˙ΣW˙ = 0
where
Σ = τU,
τ = In − [v(In −W )]−1
= 2U¯(In − W¯W ),
(4.8)
and we have
Σ = W¯ (In −WW¯ )−1,
i.e. Σ is our previous X defined in (3.6a) and equation (3.27) is retrieved. Note that
the equation of geodesics on the Siegel ball Dn has the same expression as on the
noncompact Grassmannian SU(n, n)/S(U(n)×U(n)), see equation (6.13) in [3].
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